A spectral numerical method is presented for solving the heat equation in oblate or prolate spheroids. Cartesian coordinates are scaled to transform the spheroidal geometry into a spherical geometry. The diffusion term in the transformed equation is anisotropic, being enhanced in the polar directions. The transformed equation is discretised in angle using a truncated spherical harmonic expansion of the temperature in transformed spherical polar coordinates. The anisotropic diffusion term is reduced to block tridiagonal form using recurrence relations for spherical harmonics. The radial coordinate is discretised using finite differences in scaled radius but other radial schemes are possible. Without heat sources and with a homogeneous Dirichlet boundary condition the problem reduces to an eigenproblem for the decay rate. The results are compared to the separated
Introduction
Thermal conduction in solid prolate and oblate spheroids is considered. The partial differential equation governing the temperature Θ is
where κ is the uniform thermal diffusivity, Q is the heat production per unit volume, ρ is the mass density, and c p is the specific heat capacity at constant pressure. On the boundary the temperature satisfies Dirichlet or Robin conditions;S Θ = Θ 0 or ∂ n Θ + αΘ = Θ 0 .
The problem without heat sources was originally solved by Niven [5] either for boundary condition (2) with Θ 0 = 0 , or for Θ 0 = 0 and α uniform.
The present study was originally motivated by the close relation between the oblate spheroidal heat conduction problem and the turbulent anisotropic thermal diffusion models for the Earth's core considered by Phillips and Ivers [6, 7, 8] and Ivers [3] . The convective state of the Earth's core is almost certainly turbulent and beyond the resolution of present numerical geodynamo simulations. In the Braginsky and Meytlis [1] picture of core turbulence, the transport of momentum and heat is enhanced in preferred directions such as the rotation axis. Thus the simplest rapid rotation model for the turbulent thermal diffusion tensor is D κ = κ 0 I + κ 1 1 z 1 z , where κ 0 and κ 1 are uniform, which gives the following equation for the mean temperatureΘ:
Equation (3) includes advection due to a mean velocityv. The solution method for (1) presented herein reduces the heat conduction problem to an equivalent heat problem in a sphere, with anisotropic heat conduction which depends on the ellipticity of the spheroid. The anisotropic conduction has the same form as the turbulent anisotropic thermal diffusion due to rapid rotation in (3) . The spheroidal heat conduction problem without advection is considered here since it has an alternative analytic solution in terms of spheroidal wave functions, with which to compare the method. Further motivation came from a study of thermal convection in oblate spheroids [4] . Oblateness is a natural consequence of rotation in planetary and astrophysical objects, although it is typically rather weak. Spheroids also offer the simplest departure from a spherical geometry regardless of their ellipticity.
The spheroidal heat conduction problem with a homogeneous Dirichlet boundary condition (2) is formulated mathematically in Section 2. The method of solution is described in Section 3. In Section 4 the solution in terms of spheroidal wave functions is outlined. The numerical and analytic solutions are compared in Section 5. Section 6 contains concluding remarks.
Formulation of the problem
Define the boundary of the solid in (dimensional) Cartesian coordinates (x * , y * , z * ) is r = 1 , where r (r ≥ 0) is defined by The asterisks indicate dimensional quantities. When a * > b * , the level surfaces of the variable r are homeoidal oblate spheroids of semi-major axis ra * , semi-minor axis rb * and identical ellipticity e := 1 − (b * /a * ) 2 , but their foci are at s := x 2 + y 2 = era * , z = 0 , so they are not confocal. See Figure 1 . Note particularly that r is not the spherical radius x 2 + y 2 + z 2 . When a * < b * , the r-surfaces are homeoidal prolate spheroids of semi-axes ra * , rb * , ellipticity e := 1 − (a * /b * ) 2 and foci s = 0 , z = ±erb * . The z-axis is the symmetry axis of the spheroids.
The problem is non-dimensionalised using a typical length scale L, the thermal diffusion time scale L 2 /κ and a heat source L 2 /ρc p κ. The dimensionless Cartesian coordinates and semi-axes
The quantity r is dimensionless and the boundary remains r = 1 . The operator ∇ := 1 x ∂ x + 1 y ∂ y + 1 z ∂ z is dimensionless. The dimensionless form of the heat equation (1) for the temperature Θ is thus
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Useful choices for the length scale L are the semi-axes a * or b * , and the equi-volume radius (a 2 * b * ) 1/3 , since the volume is 4πa 2 * b * /3. Herein L = b * and L = a * are used in the oblate and prolate cases respectively. On the boundary r = 1 the temperature vanishes:
3 Numerical method of solution
A homeoidal spheroidal coordinate system
Introduce the angular coordinate θ and east-longitude φ in dimensionless form, x = ar sin θ cos φ , y = ar sin θ sin φ , z = br cos θ . Figure 2 shows the coordinates (r, θ, φ) of a point P (x, y, z) on the oblate spheroid (a > b) for a fixed value of r in a meridional section of fixed φ. In particular, θ is the angle ∠N OQ, not the co-latitude ∠N OP of P , and ar is the radius of the sphere escribed on the spheroid. The coordinate system (r, θ, φ) is not orthogonal.
Stretched coordinates and equations
To proceed stretch the Cartesian coordinates x = x/a , y = y/a and
The stretching transforms the level surfaces of r from spheroids into spheres. The variables (r, θ, φ) introduced in (7) are spherical polar coordinates in ( x, y, z)-space.
Oblate homeoidal spheroidal coordinates r, θ of P in the meridional plane through P .
Equation (5) becomes
where
in the oblate and prolate cases respectively. Expanding D yields the oblate and prolate equations respectively,
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The features of these equations, which are new over thermal conduction in a sphere, are the anisotropic terms. Thermal conductivity is enhanced (diminished) in the z-direction by the anisotropy in the oblate (prolate) case.
The boundary condition (6) becomes Θ = 0 at r = 1 .
Spectral equations
Expand the temperature Θ in spherical harmonics Y m n (θ, φ),
where the spherical harmonic of degree n and order m is
The associated Legendre function of the first kind P m n is Neumann or Ferrer's form defined by
These spherical harmonics are orthonormal with respect to the inner product, (f, g) := 
Spherical harmonics usefully separate variables in the Laplacian, 
where c m n := (n 2 − m 2 )/(4n 2 − 1) , and the operator identity ∂ z = cos θ ∂ r − r −1 sin θ ∂ θ . Applying these to (12) gives
One iteration gives the oblate and prolate spectral heat equations respectively, 
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The highest derivative, which occurs in either spectral heat equation (12) or (13), is second-order in Θ m n . Any radial discretisation is permissible. For simplicity the radial functions are discretised using finite-differences on the uniform grid, r j = jh , j = 0 : J , where the grid spacing h = 1/J . The spectral heat equation (12) is discretised at the interior points r j , j = 1 : J −1 using the second-order centred finite-difference formulas,
where the subscripts indicate relative position. The number of unknowns and equations is (J − 1)N o in the odd problem and (J − 1)N e in the even problem.
Spheroidal wave function solutions
For solutions with separable time-dependence, Θ = Θ(r) exp(γt) , the heat equation (5) with Q = 0 reduces to an eigenproblem for the growth rate γ,
The transformation from Cartesian coordinates to confocal prolate spheroidal coordinates is
(21) with −1 ≤ η ≤ 1 , 1 ≤ ξ < ∞ , 0 ≤ φ ≤ 2π . The boundary (4) with r = 1 corresponds to ξ = b/ √ b 2 − a 2 and fixes d = 2 √ b 2 − a 2 . The transformation to confocal oblate spheroidal coordinates is 
(23) where the growth rate
The solutions are separable in confocal prolate spheroidal variables,
where n, m are integers with 0 ≤ m ≤ n and the degree n and order m prolate spheroidal angular function S mn (c, η) and radial function of the first kind R
(1)
Expand the prolate spheroidal angular function S mn (c, η) in a series of associated Legendre functions of the form,
where the prime on the summation sign indicates summation over even values of r when n − m is even and odd values of r when n − m is odd.
A recurrence relation for the d mn r coefficients can be found [2] by substituting (26) into (25) and using properties of the Legendre differential equation produces a tridiagonal eigenvalue problem for the eigenvalue λ mn (c) and the d 
(28) The Dirichlet boundary condition (6) becomes R There is a countably infinite set of c values. Figure 4 shows the first three prolate radial functions and the angular function for m = 1 , n = 1 and b/a = 2 .
Separable solutions in confocal oblate spheroidal coordinates are
where the boundary condition R
mn (−ic, ib/ √ a 2 − b 2 ) = 0 determines the parameter c. Figure 5 shows the first three oblate radial functions and the 
Results
For either method the solutions are modes proportional to exp(γt + imφ) and decouple for different azimuthal parameters m. The growth rate γ in the coordinate scaling method is given by the solution of the matrix eigenproblem, Ax = γx , where the matrix A, which arises from the discretisation, is block-tridiagonal in n. The r-blocks depend on the radial discretisation. Herein they are tridiagonal. The matrix eigenproblem is solved using inverse iteration.
Growth rates calculated for representative parameter values using the scaling method with finite-difference are compared to the spheroidal wave function solutions in Tables 1 and 2. Table 1 shows the level of agreement in the oblate case with azimuthal wavenumber m = 1 for radial truncation Table 2 shows the level of agreement in the prolate case with m = 1 for radial truncation J = 1000 and angular truncation N = 40 .
Concluding remarks
The accuracy of the results is restricted by the O(h 2 ) radial finite differences but the correctness of the method is clear. The method has the advantage of simplicity and readily extends to more complicated spheroidal problems with axisymmetric advection and sources, and inhomogeneous boundary con-ditions. Recurrence relations (16) and expansion (17) may be used to derive the additional spectral terms. In fact, (15) and (17) may be used to derive spectral equations for differential operators of the form P (∇ 2 , ∂ z ), where P is a multinomial in two variables. The spectral equations may also be used in steady state and time stepping problems. Nonlinear and vector problems in spheroidal geometries and ellipsoidal geometries generally are more difficult to implement [4] . Figures 1 and 3 show that homeoidal and confocal spheroidal coordinates lead to quite different spheroidal shells, so results of the method and spheroidal wave functions cannot be compared in that case.
